We study a many-body mixture of an equal number of bosons and two-component fermions with a strong contact attraction. In this system bosons and fermions can be paired into composite fermions. We derive an effective action described by composite fermions up to the next-to-leadingorder terms in the large N expansion, and show that there can be the BCS superfluidity of composite fermions at sufficiently low temperatures. *
Introduction
The study of boson-fermion mixtures has a long history originating from the analysis of dilute solutions of 3 He atoms in superfluid 4 He [1] . For a weakly-coupled boson-fermion mixture, it is known that the density fluctuation of the bosonic background induces an attraction between the fermions, which enhances the transition temperature to the BCS superfluidity or leads to fermionic superfluidity even without a bare attractive potential between fermions [2, 3] . On the other hand, in the strong coupling regime, it is possible to form bound states between bosons and fermions, called composite fermions (CFs) or simply dimers (tightly-bound molecules) [4] . Therefore, phase structures in the strong coupling regime may differ from those in the weak coupling regime, and it is expected that there occurs the superfluidity of CFs at low temperatures [5] , which greatly motivates us to model superfluid hadronic matters in dense QCD in terms of boson-fermion mixtures where small size diquarks correspond to the bosons, unpaired quarks to the fermions, and the extended nucleons are regarded as the CFs [6] [7] [8] .
Recent developments in atomic experiments have made it possible to realize boson-fermion mixed gases in the laboratory. Atomic interaction between different species can be tuned with the use of Feshbach resonance techniques [9] [10] [11] . Recently, the formation of heteronuclear Feshbach molecules has been observed in a boson-fermion mixture of 87 Rb and 40 K atomic vapors in a 3D optical lattice [12] and in an optical dipole trap [13] .
From a theoretical point of view, there are several non-perturbative studies on nonrelativistic atomic gases. In particular, the large N method provides a systematic expansion with the corresponding diagrammatic representations, and the applicability of its results to the physical cases at N = 1 can in principle be tested by systematic estimates of higher-order contributions. The transition temperature of the dilute interacting Bose gas has been calculated with the use of 1/Nexpansion [14, 15] . Also, the 1/N -expansion for the nonrelativistic Fermi gases has been developed in Refs. [16] [17] [18] . A review of large N expansions in O(N ) and U(N ) quantum field theories, which deals with non-perturbative aspects of critical phenomena, may be found in Ref. [19] . However, detailed studies of the strongly-coupled boson-fermion mixtures in the large N method are still missing.
In this paper we present an extensive study of a large N extension for a model of strongly-coupled boson-fermion mixtures originally proposed in Ref. [7] . We establish the 1/N -expansion in a theory of CFs which is equivalent to the original boson-fermion mixed system. We also derive an effective action of CFs up to the next-to-leading-order terms in the large N expansion, and show that there can be the BCS superfluidity of CFs at low temperatures.
Our paper is organized as follows. In Sect. 2, we construct a large N extension of strongly-coupled boson-fermion mixtures at finite temperature and density based on the imaginary-time formalism. In Sect. 3, we rewrite the boson-fermion partition function in terms of CFs with the use of an auxiliaryfield method. We derive an action functional of CFs and find a systematic expansion, 1/N -expansion, which is equivalent to a loop expansion with respect to the CF fields. In Sect. 4, the 1/N -expansion is employed to calculate the leading-order (LO) and the next-to-leading-order (NLO) terms in our CF action. We also derive a low-energy effective theory of CFs, and find that it reduces to a twocomponent free Fermi gas in the LO analysis, and to a weakly-interacting two-component Fermi gas up to the NLO study, which yields the superfluidity of CFs at sufficiently low temperatures. Finally, in Sect. 5 we discuss the application of boson-fermiuon mixtures to dense QCD. In Appendix A, we
give explicit forms of Fourier transformations especially for the proper vertex functions of CF fields.
Appendix B provides details on the derivative expansion of the inverse propagator of CFs.
Formulation of large N boson-fermion mixtures
In our model, we treat bosons and two-component fermions using a nonrelativistic gas model of the boson-fermion mixture where bosons and fermions interact through a four-point contact interaction.
We start from a Hamiltonian density of our boson-fermion mixture in three spatial dimensions,
where φ i is the bosonic and ψ σi is the fermionic field. We label the two internal states of the fermions by pseudospin indices σ =↑, ↓ and extra large N indices of bosons and fermions by i, j = 1, 2, . . . , N .
We assume that two different pseudospin states have the same mass and chemical potential (number density) and that the boson-fermion interaction is independent of pseudospin states. Setting N = 1 yields the same Hamiltonian density as in our previous work [7] , though here we neglect interactions between same species by assuming that the boson-fermion interaction is much stronger than the others.
To make our analysis simple, we focus on an equally populated mixture of bosons and fermions, which means for each i we have n bosons and n fermions with an equal population in their number densities:
n bi = n ↑i + n ↓i = n and n ↑i = n ↓i = n/2. Also, we introduce total boson (fermion) number density as n tot = N n.
The bare boson-fermion coupling g bf is related to the s-wave scattering length in the vacuum a bf by the following relation [20] ,
where
f are the kinetic energies of the single boson and fermion,
is the boson-fermion reduced mass, and Λ is a high-momentum cutoff of our model which sets a minimum atomic scale r 0 = (2Λ/π) −1 . For a simple notation, we will omit the constrain to the momentum-integral; |k| ≤ Λ.
The partition function at finite temperature becomes
expressed by an imaginary-time functional integral over bosonic fields φ i , φ * i and fermionic Grassmann fields ψ σi ,ψ σi with the corresponding action functional of our boson-fermion mixture:
Here for simple descriptions we have used notations:
dτ dx, and = k B = 1. Figure 1 shows the corresponding Feynman diagrams for the boson-fermion mixture, especially focused on the large N degrees of freedom.
From boson-fermion mixtures to composite fermions
In strongly-coupled boson-fermion mixtures characterized by the positive and small scattering length
tot a bf 1), we expect that bosons and fermions form bound dimers or composite fermions (CFs) [4, 5] and that low-energy phenomena can be described by an effective theory of these CFs.
For this purpose, we introduce fermionic auxiliary fields F σ (x) andF σ (x) by inserting the following identity into the partition function:
where c is a normalization constant [21] . We also define shifted fields F σ (x) andF σ (x) as
Note that the shifted fields F σ (x) andF σ (x) can be considered as fluctuations of 
where D −1 (x, y) and S −1 (x, y) denote inverse Green's functions of bosons and fermions, respectively:
We also used a simple notation for functional integral measures:
Note that as in a usual Hubbard-Stratonovich transformation the introduction of auxiliary fields reduces the original bosonic and fermionic fields into bilinear forms which are diagonalized in terms of the large N indices, and they can be integrated out immediately. We first perform the fermionic functional integral in Eq. (8) , and the relevant part of the integration yields for each pair of indices σ =↑, ↓ and i = 1, . . . , N (i.e., summation over σ and i is not assumed here),
where "tr" and "det" are taken only over coordinate indices, and
, whose ordering is important due to the anti-commuting nature of Grassmann fieldsF σ and F σ . We have also used a matrix formula: ln det M = tr ln M . Thus, Eq.(8) reduces to
with a partition function for a two-component free Fermi gas
We proceed to perform bosonic functional integral, and the relevant part of the integration yields for each
Applying Eq. (14) to Eq. (13), we obtain a partition function which is described only by CF fields:
with a partition function for the ideal Bose gas
Since N becomes an overall factor in the action and plays the same role as in a usual loop expansion, our 1/N -expansion is equivalent to the loop expansion based on the CF action Eq. (16) 1 . Let us normalize the CF fields as
which give an explicit form of the 1/N -expansion, with the use of a formula in the logarithm:
Here one can see that there is no internal degree of freedom associated with the large N extension and that 1/N only appears as a suppression factor of each higher-dimensional interaction between
CFs. Then, we reach the following representation of the partition,
with a normalization constant c . Figure 2 shows a formal expression of the CF action S F σ , F σ of Eq. (20) in terms of Feynman graphs. We will give precise definitions of Σ ("self-energy"), Γ 4 (4-point Figure 2 : Graphical representation of the CF action S F σ , F σ in Eq. (20) . The thick lines represent the external lines of CF fieldsF σ and F σ . Definitions of Σ, Γ 4 and Γ 2n will be given later in Eq. (25), (48) and (67), respectively.
vertex function) and Γ 2n (2n-point vertex function) later in Eq. (25), (48) and (67), respectively. It will be shown that the first two graphs in Fig.2 yields an inverse propagator of CFs which behaves as a free Fermi particle within our approximation, and the rest of graphs can be considered as interaction vertices of CFs.
1/N -expansion of strongly-coupled boson-fermion mixtures
In the following, we will perform the 1/N -expansion based on Eq. (20) up to the next-to-leadingorder terms and derive a low-energy effective theory of CFs. We will show that under an assumption discussed below an effective interaction between CFs are weakly attractive, and that the BCSsuperfluidity of CFs (CF-BCS) is realized at sufficiently low temperatures.
The leading-order terms
The leading-order (LO) terms in the 1/N -expansion, i.e., O(1) terms in Eq. (20) , become
which we can rewrite with the use of Fourier transforms (see Appendix A) as,
Here we have used notations: p = (p, iω), dp = T ω ω dp/(2π) 3 with the Matsubara frequency ω and spatial momentum vector p. Also, we have introduced an inverse propagator of CF fields F σ as
with a CF "self-energy", or single "bubble" of bosons and fermions, Σ(p) given by
Figure 3: Graphical representation of the propagator for "bare" CF fields F σ (not for F σ ). In the right hand side, the external triple line denotes a pair of single boson and fermion, and only appears as a shorthand notation for a half of the vertex in Fig. 1(c) . As for the propagator of F σ (:= √ N F σ ) fields, we need to multiply both sides by the normalization factor N .
Equations (24) and (25) show that the propagator is represented by an infinite geometric series of the original boson-fermion bubbles, as shown in Fig. 3 . In the right hand side of Fig. 3 , we can see that the n-th graph has large N power-counting factors (i) N n−1 from n − 1 internal loops, (ii) (1/N ) n from n vertices, and (iii) (
term in total, i.e., the leading-order contribution in the 1/N -expansion as shown in Eqs. (23)- (25) .
Let us expand the inverse propagator G −1 in order to derive a low-energy effective theory of CFs.
The summation over the bosonic Matsubara frequency in the self-energy Eq. (25) is performed as
where n b (k) and n f (k) denote the Bose-Einstein and Fermi-Dirac distribution functions, respectively,
with ξ b and ξ f kinetic energies of single boson and fermion relative to the chemical potentials µ b and
Here we have taken a standard contour C on the complex z-plane (see Fig. 4 ) in order to convert the summation over the bosonic Matsubara frequency ω b into a complex-integration along C [22] . Then the inverse propagator Eq. (24) reads
where the kinetic energy in the relative coordinate ε(q) is defined by ε(q) = q 2 /(2m R ), and by using 
where µ denotes a total boson-fermion chemical potential: 
with the zero temperature coefficients
Thus in low-energy scales, Eq. (23) can be approximated by its effective action,
Performing a proper normalization of CF fields with Ψ σ = √ dF σ ,Ψ σ = √ dF σ yields a low-energy effective action,
with the kinetic mass m F = d/(2c) and the chemical potential µ F = a/d for the normalized CF fields Ψ σ ,Ψ σ :
Here we have defined a dimensionless parameter X = |µ|/ω bf . Using the effective action Eq.(36), we can construct an effective theory described by the following partition function,
which is valid for phenomena dominated by low-energy and low-momentum scales such that ω/|µ| 1, ε(p)/|µ| 1, and the chemical potential |µ| is determined by number equations,
We will estimate chemical potentials, µ f , µ b and µ F , at zero temperature, where the number
equations reduce to
Here we used the fact that n b (k) vanishes at T = 0 with µ b < 0 and also that the effective action Eq.(36) is the same action as for a two-component free Fermi gas with a mass m F and a chemical potential µ F . We can rewrite Eq.(41) as a dimensionless equation,
where we defined a function f as f (X) = ( Figure 5 shows a numerical plot of f (X) as a function of X, and we can see that f (X) becomes zero at X = 1/4 and X = 1. Since the left hand side of Eq.(42) becomes quite small in the strongly-coupled mixture, Eq.(42) will give two solutions around X ∼ 1/4 and X ∼ 1. From now on, we will focus on a solution X ∼ 1 which is consistent with the case of the dilute gas as we have mentioned before.
Based on the above argument, we introduce a small positive parameter δ(= 1 − X) which should be determined through the number equations. Putting this into Eq.(41) yields
which finally gives
with a Fermi energy of CFs F = (3π 2 n tot ) 2/3 /(2m F ). Note that the above analysis becomes reliable only with a small δ( F /ω bf ) which demands the following condition:
Now we can see that Eq. (46) 
The next-to-leading-order term
We proceed to study the next-to-leading-order (NLO) term in Eq. (20) , and we will show that the NLO term gives an effective attraction between CFs in low-energy scales. The NLO term in Eq. (20) becomes
where Γ 4 represents the proper 4-point vertex of CFs, defined by 
We note that at finite temperatures it is impossible to put the frequencies in Γ 4 equal to zero, since the CF fields in Eq.(47) are Grassmann fields (purely fermionic) and do not have Matsubara zero mode, i.e., ω = (2n + 1)πT , n ∈ Z. Note also that our procedure is essentially the same as in the derivation of the effective theory for Cooper pairs, which can be considered as composite bosons in two-component Fermi gases [16] [17] [18] [23] [24] [25] [26] . Let us denote the low-energy effective vertex in Eq. (49) by Γ 4 (0), which becomes We can perform the summation over the bosonic Matsubara frequency ω b in Eq.(50) as follows,
Here as in the calculation of Eq. (26), we have taken a standard contour C on the complex z-plane (see Fig. 7 ) in order to convert the Matsubara summation into a complex-integration along C. Substituting Eq.(51) into (50) yields
We will estimate Γ 4 (0) analytically at T = 0 with the same assumption as before, that is, with an assumption that both µ b and µ f are negative and their magnitudes are almost equal to ω 
where we have neglected O( 2m R |µ|/Λ) corrections in the finial step. Thus in low-energy scales, Eq.(47) can be approximated by
According to the analysis on the LO terms, we perform the same normalization as in Eq.(36), Ψ σ = √ dF σ ,Ψ σ = √ dF σ , which yields a low-energy effective action in the NLO,
Here we defined an effective four-Fermi coupling constant by g FF = Γ 4 (0)/d 2 , which becomes
We apply the LO result Eq.(44), i.e., X 1 − ε F /ω bf , to the above Eq.(56), and finally obtain
Introducing the density of states per unit volume at the Fermi surface N F (0):
we have the dimensionless parameter for the strength of the effective four-Fermi interaction,
Here we find that the NLO term yields an effective four-Fermi interaction, which is attractive and weak in a twofold meaning. First, we are considering strongly-coupled boson-fermion mixtures so that the dimensionless parameter n 1/3 tot a bf is positive and much smaller than 1, which makes N F (0)g FF negative and much smaller than 1, as discussed in Ref. [7] for N = 1. Secondly, we also have large N degrees of freedom in the original boson-fermion mixture, which yield the large suppression factor 1/N in Eq.(59).
BCS superfluidity of composite fermions
From the results of the previous sections, we have a low-energy effective action up to the NLO term in the 1/N -expansion:
with the physical parameters of CF fields,
Equation (60) is nothing but an action of two-component Fermi gases with weakly attractive fourFermi interactions, which yields the BCS-paired state of fermions at low temperature. Thus we can expect that our system described by Eq.(60) also favor the BCS superfluidity of CFs (CF-BCS) below a transition temperature [27, 28] ,
with the Fermi momentum k F = √ 2m F F = (3π 2 n tot ) 1/3 and the s-wave scattering length given by
Setting N = 1 yields the same result as derived in our previous work [7] . Note that the coefficient of a bf in Eq.(65) becomes −2 for N = 1 with m b = m f , which is the same in magnitude but opposite in Figure 8 : Graphical representation of the proper 6-point vertex of "bare" CF fields F σ . In order to obtain the proper 6-point vertex of F σ , we need to multiply both sides by ( √ N ) 6 , which comes from the normalization of six external legs (F σ = √ N F σ ).
sign from the scattering length between bosonic dimers composed of spin-singlet fermion pairs within the same approximation. This is because our CFs are different in the statistics of their constituent particles from the composite bosons, so-called Cooper pairs, in two-component Fermi gases [5, 23, 24] .
Higher order terms in the 1/N -expansion
We now consider the higher order terms in the 1/N -expansion of the CF action Eq. (20), especially focusing on the corrections to the effective four-Fermi. In general, we denote an O(1/N n−1 ) term in Eq. (20) by S (n−1) (n ≥ 2), which is composed of 2n CF fields and the proper 2n-point vertex,
..,σn=↑,↓ n j=1 dp 2j−1 dp 2j δ
Here
represents a proper 2n-point vertex of CF fields, defined by
with a set of momenta {p i } 2n i=1 = {p 1 , p 2 , . . . , p 2n } constrained by the energy-momentum conservation, n j=1 p 2j − n j=1 p 2j−1 = 0. Appendix A gives a detail derivation of the above expressions. Figure  9 shows a graphical representation of the proper 2n-point vertex. We can see that the right hand side of Fig. 9 gives large N power-counting factors (i) N from an internal loop, (ii) (1/N ) 2n from 2n Figure 9 : Graphical representation of the proper 2n-points vertex of "bare" CFs F σ . In order to obtain the proper 2n-points vertex of F σ , we need to multiply both sides by ( √ N ) 2n , which comes from the normalization of 2n external legs (
vertices, and (iii) ( total, i.e., the next-to-leading-order contribution to the effective four-Fermi interaction. Figure 11 shows the shortest ladder diagram of the proper 4-point vertices Γ 4 , and its right hand side gives large N power-counting factors (i) N 2 from two internal loops, (ii) (1/N ) 8 from eight vertices, and
It is also possible to consider general O(1/N n ) corrections based on the loop expansion in terms of CF fields which contribute to the effective four-Fermi interaction. Instead, we just remark that all the graphs are in the same order in terms of n 1/3 a bf , thus for N = 1 we need to sum up them to obtain the effective vertex function, as performed numerically in Refs [29] [30] [31] . 
Summary and discussion
We have investigated the large N expansion for strongly-coupled boson-fermion mixtures, proposed in
Ref. [7] . We first derived a theory equivalent to the original boson-fermion mixture, which is described by composite fermions (CFs). The 1/N -expansion naturally appears in the quantum theory of CFs.
We showed that the leading-order terms in the 1/N -expansion yield a low energy effective action of CFs which is equivalent to that of a two-component free Fermi gas. The next-to-leading-order term was also estimated, and it turned out that the effective action up to the NLO reduces to an action of a weakly-interacting two-component Fermi gas. Thus we concluded that there is the BCS superfluidity of CFs below T C (CF-BCS) given by Eq.(64) in our large N model. Also we discussed how to estimate the higher order terms in the 1/N -expansion, where the diagrammatic representation provides simple explanations for power-counting of the 1/N factors.
Finally, we would like to mention important similarities between our boson-fermion mixtures and hadron physics. Table 1 summarizes the correspondence in components between ultracold atoms and dense QCD, both of which can be considered as boson-fermion mixtures with N = 1 in our model [6] [7] [8] .
Note that it is known that the effective interaction between nucleons is not so strong as the original gluonic interaction between quarks. For example, the energy gap in nuclear matter, i.e., superfluid matter of nucleons, is at most a few MeV [32] , while the energy gap in color-superconductivity is from 10 to 10 2 times larger [33] . This is consistent with our results which show that the weakly-coupled CF system can be derived from the strongly-coupled boson-fermion mixture. However, our model seems too simple to relate its results to various phenomena in QCD. Furthermore, chiral symmetry breaking plays an important role in hadron physics [6] , which does not appear in nonrelativistic systems. Keeping these observations in mind, we suggest that both theoretical and experimental 
A Fourier transformations
The definitions of Fourier transforms used in our main text are given by
F σ (x) = dp e −ipxF
S(x, y) = dq e iq(x−y) S(q) ,
with an inner product: ipx = iωτ − ip · x where ω and p denote the Matsubara frequency and spatial momentum vector, respectively. For simplicity, we have used notations: p = (p, iω), dp = T ω ω dp/(2π) 3 . We adopt a convention which distinguishes functions from their Fourier transforms only by their arguments. Correspondingly, the Fourier transform of the quadratic term in Eq. (22) becomes
= dp 1 dp 2 dq 1 dq 2 δ(
Also, the quartic term in Eq.(47) transforms as
represents a proper 4-point vertex of composite fermions, defined by
with a set of momenta
We can write down a general 2n-point vertex function explicitly in its Fourier transform,
dq 2j−1 dq 2j dp 2j−1 dp 2j
σ1,...,σn=↑,↓ n j=1 dp 2j−1 dp 2j δ
represents the proper 2n-point vertex of composite fermions, defined by
B Derivative expansion of the inverse propagator for composite fermions at T = 0
We will give details on the derivation of Eq. (30) 
Here we used the fact that n b (q) and n f (p − q) vanishes at T = 0 under our assumption: µ b < 0 and µ f < 0, and we denoted an integral in Eq.(77) by I 1 , which becomes 
with p = |p|, q = |q|, µ = µ b + µ f (< 0), and A = p 2 /(2m f ) − E + |µ|. As we will see below, I 1 yields a finite value even in the limit of Λ → ∞. We can rewrite terms in the logarithm in Eq.(78) as
and
with a mass-ratio parameter α = m R /m f , and A = p 2 /[2(m b + m f )] − E + |µ|. Then, Eq.(78) reads
By employing the following integral formula: 
Noting that the cutoff Λ is the largest scale in our model and also that we are interested in the lowenergy and low-momentum regime, let us expand the logarithm and arctangent functions in Eq.(83).
As for the logarithm function, the power-series formula, ln(1 + x) = ∞ n=1 (−1) n−1 x n /n, gives
while the formula for the arctangent function: tan −1 (x) = π/2 − tan −1 (1/x), yields
which finally give an explicit form of I 1 within the derivative expansion,
Substituting Eq.(86) into Eq.(77) yields 
